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Abstract. A generalised theory of gauge transformations is presented on the basis of the 
covariant Hamiltonian formalism of field theory, for which the covariant canonical field 
equations are equivalent to the Euler-Lagrange field equations. Similar to the canonical 
transformation theory of point dynamics, the canonical transformation rules for fields are 
derived from generating functions. Thus — in contrast to the usual Lagrangian description — the 
covariant canonical transformation formalism automatically ensures the mappings to preserve 
the action principle, and hence to be physical. On that basis, we work out the theory of 
inhomogeneous local gauge transformations that generalises the conventional local SU(iV) 
C\J , gauge transformation theory. It is shown that massive gauge bosons naturally emerge in this 

description, which thus could supersede the Higgs mechanism. 



> 



in 

\q [ "Die Fruchtbarkeit des neuen Gesichtspunktes der Eichinvarianz hdtte sich vor allem am 

£C) | Problem der Materie zu zeigen." (Weyl 1919) 



O 



"The fruitfulness of the new viewpoint of gauge invariance would have to show up especially 
on the problem of matter." 



^ ! 1. Introduction 



The principle of local gauge invariance has been proven to be an eminently fruitful device for 
deducing all elementary particle interactions within the standard model. On the other hand, the 
gauge principle is justified only as far as it "works": a deeper rationale underlying the gauge 
principle apparently does not exist. In this respect, the gauge principle corresponds to other 
basic principles of physics, such as Fermat's "principle of least time," the "principle of least 
action" as well as its quantum generalisation leading to Feynman's path integral formalism. 
The failure of the conventional gauge principle to explain the existence of massive gauge 
bosons has led to supplementing it with the Higgs-Kibble mechanism (Higgs 1964, Kibble 
1967). 

An alternative strategy to resolve the mass problem would be to directly generalise the 
conventional gauge principle in a natural way. One way to achieve this was to require the 
system's covariant Hamiltonian to be form-invariant not only under unitary transformations 
of the fields in iso-space, but also under variations of the space-time metric. This idea of 
a generalisation of the conventional gauge principle has been successfully worked out and 
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was published recently (Struckmeier 2013). In this description, the gauge field causes a non- 
vanishing curvature tensor, and this curvature tensor appears in the field equations as a mass 
factor. 

With the actual paper, a second natural generalisation of the conventional gauge 
transformation formalism will be presented that extends the conventional SU(iV) gauge theory 
to include inhomogeneous linear mappings of the fields. As it turns out, the local gauge- 
invariance of the system's Lagrangian then requires the existence of massive gauge fields, 
with the mass playing the role of a second coupling constant. We thereby tackle long-standing 
inconsistency of the conventional gauge principle that requires gauge bosons to be massless in 
order for any theory to be locally gauge-invariant. This will be achieved without postulating 
a particular potential function ("Mexican hat") and without requiring a "symmetry breaking" 
phenomenon. 

Conventional gauge theories are commonly derived on the basis of Lagrangians of 
relativistic field theory (cf, for instance, Ryder 1996, Griffiths 2008, Cheng and Li 2000). 
Although perfectly valid, the Lagrangian formulation of gauge transformation theory is not 
the optimum choice. The reason is that in order for a Lagrangian transformation theory to 
be physical, hence to maintain the action principle, it must be supplemented by additional 
structure, referred to as the minimum coupling rule. 

In contrast, the formulation of gauge theories in terms of covariant Hamiltonians — each 
of them being equivalent to a corresponding Lagrangian — may exploit the framework of the 
canonical transformation formalism. With the transformation rules for all fields and their 
canonical conjugates being derived from generating functions, we restrict ourselves from 
the outset to exactly the subset of transformations that preserve the action principle, hence 
ensure the actual gauge transformation to be physical. No additional structure needs to be 
incorporated for setting up an amended Hamiltonian that is locally gauge-invariant on the 
basis of a given globally gauge-invariant Hamiltonian. Furthermore, it is no longer required 
to postulate the field tensor to be skew- symmetric in its space-time indices as this feature 
directly emerges from the canonical transformation formalism. 

Prior to working out the inhomogeneous local gauge transformation theory in the 
covariant Hamiltonian formalism — the latter dating back to DeDonder (DeDonder 1930) 
and Weyl (Weyl 1935) — a concise review of the concept of covariant Hamiltonians in local 
coordinate representation is outlined in section |2] Thereafter, the canonical transformation 
formalism in the realm of field theory is sketched briefly in section [3l In these sections, we 
restrict our presentation to exactly those topics of the canonical formalism that are essential for 
working out the inhomogeneous gauge transformation theory, which will finally be covered 
in section SI 

The requirement of inhomogeneous local gauge invariance naturally generalises the 
conventional SU(iV) gauge principle (cf, for instance, Struckmeier and Reichau 2012), where 
the form-invariance of the covariant Hamiltonian density is demanded under homogeneous 
unitary mappings of the fields in iso-space. In the first step, a generating function of type F 2 is 
set up that merely describes the demanded transformation of the fields in iso-space. As usual, 
this transformation forces us to introduce gauge fields that render an appropriately amended 
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Hamiltonian locally gauge-invariant if the gauge fields follow a particular transformation law. 
In our case of an inhomogeneous mapping, we are forced to introduce two independent sets 
of gauge fields, each of them requiring its own transformation law. 

In the second step, an amended generating function F 2 is constructed in a way to define 
these transformation laws for the two sets of gauge fields in addition to the rules for the base 
fields. As the characteristic feature of the canonical transformation formalism, this amended 
generating function also provides the transformation law for the conjugates of the gauge fields 
and for the Hamiltonian. This way, we derive the Hamiltonian that is form-invariant under 
both the inhomogeneous mappings of the base fields as well as under the required mappings 
of the two sets of gauge fields. 

In a third step, it must be ensured that the canonical field equations emerging from the 
gauge-invariant Hamiltonian are consistent with the canonical transformation rules. As usual 
in gauge theories, the Hamiltonian must be further amended by terms that describe the free- 
field dynamics of the gauge fields while maintaining the overall form-invariance of the final 
Hamiltonian. Amazingly, this also works for our inhomogeneous gauge transformation theory 
and uniquely determines the final gauge-invariant Hamiltonian H3. 

The Hamiltonian H3 is then Legendre-transformed to yield the equivalent gauge- 
invariant Lagrangian density C 3 . The latter can then serve as the starting point to set up 
the Feynman diagrams for the various mutual interactions of base and gauge fields. As an 
example, the gauge-invariant Lagrangian that emerges from a base system of an iV-tuple of 
massless spin-0 fields is presented. 

2. Covariant Hamiltonian density 

In field theory, the Hamiltonian density is usually defined by performing an incomplete 
Legendre transformation of a Lagrangian density C that only maps the time derivative d t 4> 
of a field (f>(t, x, y, z) into a corresponding canonical momentum variable, n t . Taking then the 
spatial integrals results in a description that corresponds to that of non-relativistic Hamiltonian 
point dynamics. Yet, in analogy to relativistic point dynamics (Struckmeier 2009), a covariant 
Hamiltonian description of field theory must treat space and time variables on equal footing. 
If £ is a Lorentz scalar, this property is passed to the covariant DeDonder-Weyl Hamiltonian 
density % that emerges from a complete Legendre transformation of C. Moreover, this 
description enables us to devise a consistent theory of canonical transformations in the realm 
of classical field theory. 

2.1. Covariant canonical field equations 

The transition from particle dynamics to the dynamics of a continuous system is based 
on the assumption that a continuum limit exists for the given physical problem (Jose and 
Saletan 1998). This limit is defined by letting the number of particles involved in the system 
increase over all bounds while letting their masses and distances go to zero. In this limit, 
the information on the location of individual particles is replaced by the value of a smooth 
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function (j>(x) that is given at a spatial location x 1 ,^ 2 ,^ 3 at time t = x°. In this notation, 
the index fi runs from to 3, hence distinguishes the four independent variables of space- 
time rr' 1 = (x°, x 1 , x 2 , x 3 ) = (t, x, y, z), and x^ = (xq, 27, X2, £3) = (t, —x, —y, —z). We 
furthermore assume that the given physical problem can be described in terms of a set of 
I — I,..., N — possibly interacting — scalar fields 4>i(x), with the index "J" enumerating the 
individual fields. A transformation of the fields in iso-space is not associated with any non- 
trivial metric. We, therefore, do not use superscripts for these indices as there is not distinction 
between covariant and contravariant components. In contrast, Greek indices are used for those 
components that are associated with a metric — such as the derivatives with respect to a space- 
time variable, x^. Throughout the article, the summation convention is used. Whenever no 
confusion can arise, we omit the indices in the argument list of functions in order to avoid the 
number of indices to proliferate. 

The Lagrangian description of the dynamics of a continuous system is based on the 
Lagrangian density function C that is supposed to carry the complete information on the given 
physical system. In a first-order field theory, the Lagrangian density C is defined to depend 
on the 0/, possibly on the vector of independent variables x^, and on the four first derivatives 
of the fields 0/ with respect to the independent variables, i.e., on the 1 -forms (covectors) 

d^i = {dt^i,d x ^i,dy^i,d x ^>i). 

The Euler- Lagrange field equations are then obtained as the zero of the variation SS of the 
action integral 

S = J C{4> I ,d„4> I ,x)d A x (1) 

0. (2) 



as 

d dC dC 



dx a 9(9 Q 0j) <90 7 

To derive the equivalent covariant Hamiltonian description of continuum dynamics, we first 
define for each field <j>i(x) a 4-vector of conjugate momentum fields ttj(x). Its components 
are given by 

„ _dC_ _dC_ 

711 Wrag)' (J) 

The 4-vector 717 is thus induced by the Lagrangian C as the dual counterpart of the 1-form 
d^4>i. For the entire set of N scalar fields 4>i(x), this establishes a set of N conjugate 4-vector 
fields. With this definition of the 4-vectors of canonical momenta 717(2;), we can now define 
the Hamiltonian density %(4>i, 717, x) as the covariant Legendre transform of the Lagrangian 
density £(47, <9 M 7 , x) 

"H(0/,7i7,x) = TTjj^ - C(4>i,d^i,x). (4) 

In order for the Hamiltonian % to be valid, we must require the Legendre transformation to be 
regular, which means that for each index "7" the Hesse matrices (<9 2 £/<9((9 M 0/) <9(<9„0/)) are 
non-singular. This ensures that by means of the Legendre transformation, the Hamiltonian H 
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takes over the complete information on the given dynamical system from the Lagrangian C 
The definition of H by Eq. © is referred to in literature as the "DeDonder-Weyl" Hamiltonian 
density. 

Obviously, the dependencies of H and C on the 0/ and the x M only differ by a sign, 



&H 



dC 



expl udj 



dU _dC d dC _d<K? 

expl ' Wi ~ ~Wi ~ ~d^WM) ~ 



These variables thus do not take part in the Legendre transformation of Eqs. ®, ©. Thus, 
with respect to this transformation, the Lagrangian density C represents a function of the d^j 
only and does not depend on the canonical momenta iTj, whereas the Hamiltonian density H 
is to be considered as a function of the iij only and does not depend on the derivatives d^cfii 
of the fields. In order to derive the second canonical field equation, we calculate from Eq. (HJ 
the partial derivative of H with respect to iij, 



The complete set of covariant canonical field equations is thus given by 

8V L _8(h_ 8H_ _dnl 

8ttj dx^ ' d(j)j dx a 
This pair of first-order partial differential equations is equivalent to the set of second-order 
differential equations of Eq. ©. We observe that in this formulation of the canonical field 
equations, all coordinates of space-time appear symmetrically — similar to the Lagrangian 
formulation of Eq. ©. Provided that the Lagrangian density £ is a Lorentz scalar, the 
dynamics of the fields is invariant with respect to Lorentz transformations. The covariant 
Legendre transformation © passes this property to the Hamiltonian density H. It thus ensures 
a priori the relativistic invariance of the fields that emerge as integrals of the canonical field 
equations if C — and hence H — represents a Lorentz scalar. 



3. Canonical transformations in covariant Hamiltonian field theory 

The covariant Legendre transformation © allows us to derive a canonical transformation 
theory in a way similar to that of point dynamics. The main difference is that now the 
generating function of the canonical transformation is represented by a vector rather than 
by a scalar function. The main benefit of this formalism is that we are not dealing with 
plain transformations. Instead, we restrict ourselves right from the beginning to those 
transformations that preserve the form of the action functional. This ensures all eligible 
transformations to be physical. Furthermore, with a generating function, we not only 
define the transformations of the fields but also pinpoint simultaneously the corresponding 
transformation law of the canonical momentum fields. 
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3.1. Generating functions of type Fi(d>, x) 

Similar to the canonical formalism of point mechanics, we call a transformation of the fields 
(d>, 7r) i — ^ II) canonical if the form of the variational principle that is based on the action 
functional ([I]) is maintained, 

5 J r (vr^ - H(<f>, 7T, x)j d 4 x = 5 (n?|| - H, z)) (6) 

Equation © tells us that the integrands may differ by the divergence of a vector field F-f\ 
whose variation vanishes on the boundary dR of the integration region R within space-time 



5 / ir^^ x = 6 f F i dS - = °- 

Jr 9x a J dR 



The immediate consequence of the form invariance of the variational principle is the form 
invariance of the covariant canonical field equations © 

mi! _ <9$j dW _dUf 

For the integrands of Eq. © — hence for the Lagrangian densities C and C — we thus obtain 
the condition 

f)F a 



dx a 

With the definition F± = F^((p, <&,x), we restrict ourselves to a function of exactly those 
arguments that now enter into transformation rules for the transition from the original to the 
new fields. The divergence of F£ writes, explicitly, 



dF? _ dF? 8(f)! + dF? <9$ 7 9Ff 



(8) 

expl 



dx a 90/ &r a 9$/ dx a dx 

The rightmost term denotes the sum over the explicit dependence of the generating function 
F£ on the x v . Comparing the coefficients of Eqs. © and ©, we find the local coordinate 
representation of the field transformation rules that are induced by the generating function F^ 



^- dF " if- dF " u>-u + dFia 



(9) 

expl 



The transformation rule for the Hamiltonian density implies that summation over a is to be 
performed. In contrast to the transformation rule for the Lagrangian density C of Eq. ©, the 
rule for the Hamiltonian density is determined by the explicit dependence of the generating 
function Fj 1 on the x" . Hence, if a generating function does not explicitly depend on the 
independent variables, x v , then the value of the Hamiltonian density is not changed under the 
particular canonical transformation emerging thereof. 

Differentiating the transformation rule for tTj with respect to $ j, and the rule for II j with 
respect to </>/, we obtain a symmetry relation between original and transformed fields 

drf d 2 F? 8Wj 
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The emerging of symmetry relations is a characteristic feature of canonical transformations. 
As the symmetry relation directly follows from the second derivatives of the generating 
function, is does not apply for arbitrary transformations of the fields that do not follow from 
generating functions. 



3.2. Generating functions of type i^^? II, x) 



The generating function of a canonical transformation can alternatively be expressed in terms 
of a function of the original fields <f)j and of the new conjugate fields IT^. To derive the 
pertaining transformation rules, we perform the covariant Legendre transformation 



F£(cj>, n, x) = F?(tf>, x) + Wj, n? 



(10) 



By definition, the functions F± and F 2 M agree with respect to their and x^ dependencies 



dFlt 



dF? 



<9F 9 C 



d(p! 8(f)! 



Ti 



1 > 



dx a 



dF? 



expl 



dx c 



H'-H. 



expl 



The variables <pi and x^ thus do not take part in the Legendre transformation from Eq. (flOl) . 
Therefore, the two F 2 M -related transformation rules coincide with the respective rules derived 
previously from Ff . As Ff does not depend on the II j whereas F^ does not depend on the 
the $/, the new transformation rule thus follows from the derivative of F^ with respect to ITj 
as 



dFJf 



We thus end up with set of transformation rules 



7H 



dF% 



H' = U + 



dFZ 



dx c 



(11) 



expl 



vy 1 dlLf ' 

which is equivalent to the set © by virtue of the Legendre transformation (flOl) if the matrices 
(<9 2 Fj"/<90/<9$j) are non-singular. From the second partial derivations of F^ one immediately 
derives the symmetry relation 



<9< 



d 2 F% 



0$. 



U U 1 



whose existence characterises the transformation to be canonical. 



4. General inhomogeneous local gauge transformation 

As a generalisation of the homogeneous local U(iV) gauge transformation, we now treat the 
corresponding inhomogeneous U(iV) gauge transformation for the particular case of an N- 
tuple of fields </>/. 
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4.1. External gauge fields 

We again consider a system consisting of an iV-tuple (p of complex fields <pj with / = 
1,...,N, and <fi its adjoint, 

4> = (0)i =0jv, = (01 ■ ■ -0at) • 

A general inhomogeneous linear transformation may be expressed in terms of a complex 
matrix U(x) = (ujj(x)), W(x) = (ujj(x)) and a vector f(x) = ((fi(x)) that generally 
depend explicitly on the independent variables, x M , as 

® = u <j> + <p, 1» = ~4>u ] + Tp 

$1 = Ulj(f)j + <pi, $/ = 0jMj/+^ 7 . (12) 

With this notation, (pj stands for a set of / = 1, . . . , N complex fields <pi. In other words, U 
is supposed to define an isomorphism within the space of the (pj, hence to linearly map the (pi 
into objects of the same type. The quantities ^>i(x) have the dimension of the base fields (pi 
and define a local shifting transformation of the in iso-space. 

The transformation (fT2l follows from a generating function that — corresponding to 
H — must be a real-valued function of the generally complex fields (pi and their canonical 
conjugates, rij, 

f${<i>, 0, it\ IT , x) = TT (u </> + ip) + ( c/t + jp) if 

= lf K (u KJ (pj + ip K ) + (lp K u KJ + ^^11^. (13) 
According to Eqs. (fTTT) the set of transformation rules follows as 

< = = I&UKjSjI, «M£ = ^7 = ( ^JCJ + 

A = = 5 IK u KJ Wj, Qrft = ^=u = 8»5 IK (u KJ (pj + Vk) ■ 

OCpj dllj 

The complete set of transformation rules and their inverses then read in component notation 

= Uu (pj + tp h <&j = (pj UJI + Tfj, ITy = Uu 71 j, ifj = 7f^ Ujj 
0/ = U U ($j -cpj) ,<p r = ( $ j - ^j) Ujj, 7T^ = M/j 11^, 7f^ = ifjUji- 

(14) 

We restrict ourselves to transformations that preserve the contraction 7f a n a 

TtU a = 7f a U ] U 7Z a = lf a Tz a U ] U =1 = UU ] 

rijil/a, = 7f a jUji UiK^Ka = ^K n Ka U~JI U IK = S JK = Uji U IK - 

This means that W = U~ x , hence that the matrix U is supposed to be unitary. As a unitary 
matrix, U(x) is a member of the unitary group U(iV) 

rf(x) = U~ x {x), \d.e%U{x)\ = 1. 



For det = +1, the matrix £7(x) is a member of the special group SU(iV). 
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We require the Hamiltonian density H to be form-invariant under the global gauge 
transformation ([TIT ), which is given for U,(p — const., hence for all ujj, (fi not depending 
on the independent variables, x M . Generally, if U = U(x), <p = (p(x), then the 
transformation (fT4l is referred to as a local gauge transformation. The transformation rule 
for the Hamiltonian is then determined by the explicitly a^-dependent terms of the generating 
function F% according to 

duu d<p! \ (-? duu dipj 



f)F a 

H'-H 1 



dx c 



n / ( l£r <f>J + S ) + ( + S ) n 

expl 



dx a dx a V dx a dx 



j 



-a- f du U, , d( Pl\ , (~I du lJ . , 

( ^ 0, - 0^) uJ^L + ^ 7J |£ + gl Mj/7r? . (15) 



In the last step, the identity 



w/K + m j/ — — - = 



dx^ dx^ 

was inserted. If we want to set up a Hamiltonian Hi that is form-invariant under the 
/oca/, hence a; M -dependent transformation generated by (TT3T >. then we must compensate 
the additional terms (fT3T > that emerge from the explicit ^-dependence of the generating 
function (TT3T) . The only way to achieve this is to adjoin the Hamiltonian H of our system 
with terms that correspond to (fl3T ) with regard to their dependence on the canonical variables, 
<p, (p, 7r M , 7f\ With a unitary matrix U, the u/j-dependent terms in Eq. (031) are s/cew- 
//ermzYz'an, 



_ gttjj _ duj! __ duia_ _ du IK dujj _ 

dx^ dx^ dx^ ' dx^ dx^ dx^ 



or in matrix notation 



u ,au_\ = au^ u = _ uf m (w^ = u aW = _m Luy 



dx^ J dx^ dx^ ' \ dx^ J dx^ dx^ 

The w^/dw/j/cte^-dependent terms in Eq. (TTST) can thus be compensated by a Hermitian 
matrix (axj) of "4- vector gauge fields", with each off-diagonal matrix element, clkj, K ^ J, 
a complex 4-vector field with components a^j M , fi = 0, . . . , 3 

- duiJ ^ 

Correspondingly, the term proportional to uijdtpj/dx^ 1 is compensated by the //-components 
Mijbjfj, of a vector Mjj bj of 4-vector gauge fields, 

8lo j din 7 - 

«/j-^7 Mjjbj^, ~^ u Ji bj^Mu. 

The term proportional to dlfj/dx Ujj is then compensated by the adjoint vector bjMu. The 
dimension of the constant real matrix M is [M] = L^ 1 and thus has the natural dimension of 
mass. The given system Hamiltonian % must be amended by a Hamiltonian "H a of the form 

Hi = H + H a , n a = ig( vf^j - 0^) a KJa + HjMubja + bj a M u ^ (16) 
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in order for Hi to be form-invariant under the canonical transformation that is defined by the 
explicitly -dependent generating function from Eq. ([T3T >. With a real coupling constant g, 
the "gauge Hamiltonian" "H a is thus real. Submitting the amended Hamiltonian "Hi to the 
canonical transformation generated by Eq. (fTJt . the new Hamiltonian %[ emerges as 



, OF" 
TH-i = Hi + 



dx c 



expl UX 



H + ( tt%4>j - (p K nj) (ig a KJa + u KI 



expl 

duu 
dx a 



= ft' + ip ( j - IT?) A* Ja + n"MjjBj a + Bj a M u Uf, 

with the A/j^ and £>^ t defining the gauge field components of the transformed system. The 
form of the system Hamiltonian Hi is thus maintained under the canonical transformation, 

U\ = U' + K, K = ig (T$$j - $ K n a j) A KJa + %M u B Ja + B Ja MuUf, (17) 

provided that the given system Hamiltonian % is form-invariant under the corresponding 
global gauge transformation (fT4T ). In other words, we suppose the given system Hamiltonian 
7i((f>, (j>, 71-^, 7f M , x) to remain form-invariant if it is expressed in terms of the transformed 
fields, 

n'{&, IF, W, X) gl °= GT H{(f>, 0, 7T^, 7T*, X). 

The gauge fields must then satisfy the condition 

ig ( n^$j - $ K n a j) A KJa + TtjMuBja + B^MjjW} 



which yields with Eqs. (fl4l) the following inhomogeneous transformation rules for the gauge 
fields a KJ , bj, and bj 

_ 1 du K i _ 

B Jlx = Mji (u IK M KL b L ^-igA IK ^ K + ^^j (18) 

B J(t = (b Lll M KL u K i + igtp K A KIlt + |^ M JT . 

Herein, M denotes the inverse matrix of M, hence MkjMji = MkjMji = Ski- We 
observe that for any type of canonical field variables (pi and for any Hamiltonian system 
H, the transformation of both the matrix au as well as the vector bi of 4-vector gauge fields 
is uniquely determined according to Eq. ([TBI by the unitary matrix U(x) and the translation 
vector (f(x) that determine the local transformation of the N base fields <fi. In a more concise 
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matrix notation, Eqs. (1181 ) are 
A, 



ig dx^ 



MB, 



UMK-igA„ip + 



B^M T = b^M T + lgTpA^ + 



dip 

dx^ 
dp 



(19) 



dx^ 



4.2. Including the gauge field dynamics 



With the knowledge of the required transformation rule for the gauge fields from Eq. (1181) . 
it is now possible to redefine the generating function (fTJb to also describe the gauge field 
transformation. This simultaneously defines the transformation of the canonical conjugates, 
Pj U K and qj U , of the gauge fields ajK^ and bj^, respectively. Furthermore, the redefined 
generating function yields additional terms in the transformation rule for the Hamiltonian. 
Of course, in order for the Hamiltonian to be invariant under local gauge transformations, 
the additional terms must be invariant as well. The transformation rules for the base fields 
(f>i and the gauge fields ajj,bj (Eq. (Q~8])) can be regarded as a canonical transformation that 
emerges from an explicitly x M -dependent and real-valued generating function vector of type 
F£ = Fg(<f>, 0, n, H, a, P, b, b, Q, Q, x) , 



F 2 = n K ( U KJ <Pj + <Pk) + ( 4>K UK J + Pj) II 

TlPk ~ 

dp K 



(20) 



1 du KI _ 

URN a NIa Uu + Uij 



+ QTMlk [ u K iMijb Ja + 



+ b Ka M IK u u + 



9Pj 



ig dx a 
M LJ QT 



Q x a J • ^«~^-" , d%a , ,WL 

With the first line of (l20l matching Eq. (fTJb . the transformation rules for canonical variables 
4>, <f> and their conjugates, 71^,7^, agree with those from Eqs. (fl4T ). The rule for the gauge 
fields A KJa , B Ka , and B Ka emerge as 



A-K Jot 5„ 



' dPT K 



cn , - 1 9U KI _ \ 

<\, \ u KN a NIa uu + r- q xOL uu I 



dQ 



■av 
L 



LK 



UKlMijbj a + 



dp 



K 



dx c 



5^M LK UKjMjjbja + 



dp 



K 



dx c 



_ . du KI _ \ 
ig u KN a NIa uu + -7^-u u I pj 



- ig A KJa pj 



dx c 



dQ 



av 
L 



5tt 



T — dp j _ ( . _ dUKI 

0K a M IK u IJ + + p K [ig u K n a NIa u u + -^r u u 



dx c 



dx c 



M. 



LJ 



r\ 

5£ ( b Ka M IK u u + + igp K A KJa 



M, 



LJ, 



which obviously coincide with Eqs. (|18l) as the generating function (1201) was devised 
accordingly. The transformation of the conjugate momentum fields is obtained from the 
generating function (|20l as 



djt_ 

db Jv 



Muu IK M LK Q u l 



M KJ QJ 



ujj M KI q£ 
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dF 
dbj, 



fipv _ 

^/=»r- = QTMlk u ki M IJ} Q^Mkj = ?£M K i uu (21) 



pTn = a 2 = u u ( p jk + ' l 9 M LJ Q"£ ip K - ig tpj Q^Mlk) u kn 

0O>NIv v J 

= u u [p v / k + ig MljQT $k - ig $ j Q7m lk ) u kn 



-igM LI q U L(j) N + ig <pi q v ^M LN . 

Thus, the expression 

Pin + if M LI g^ ~4> N - ig <pi q v ^M LN 
= ujj [P v / K + ig M LJ QZ $ k - ig <5>j QTM LK ) u kn (22) 

transforms homogeneously under the gauge transformation generated by Eq. (|20T > . The same 
homogeneous transformation law holds for the expression 

_ dajj u daun . , \ 

JlJfiu — r ig [aiKu a KJn — a IKii a KJv) 

= u IK F KLilv u LJ (23) 
tuvv - -Q-j- + yg [A IKu A KJfl - A IKil A KJv ) , 

which directly follows from the transformation rule (1T81 for the gauge fields au^. Making 
use of the initially defined mapping of the base fields (fT2l) . the transformation rule (fl8T ) for the 
gauge fields 6^, bx^ is converted into 

ig Aj K ^ K - MjkBkv = u JL ( - ig cllk^k - M LK b Kfl 



^ ^ + ig ^ K A KJil - B Klt M JK = ( ^7 + ig <\> K ^KLi, - b Kfl M LK J u LJ . (24) 

The above transformation rules can also be expressed more clearly in matrix notation 

q »v = m t U ] M t Q u », M T Q^ = UM T q u ^ 
q Uil = Q Vii M U M, Q Ufl M = q v ^M U j 

p"* = f/t (p^ + ig m t Q u » ®Tp-igip® Q^M) U 

da do> 

= £/ f U, / M „ = - + ig (a v a^ - a^a u ) (25) 

and 

<9<3? ( deb 
igAfi-MBp =U l-^-iga^- Mb^ 



^ + ig <\>A i: - B,M T = (^ + igcba,- b,M^ 

+ ig M T Q U ^ ®l>-ig®(g) Q^M = U (p Vf * + ig M T q u ^ ®lf>-ig(b® q^M^j U\ 



Equation (1241) can be regarded as an "extended minimum coupling rule," with the respective 
third terms arising from the inhomogeneous part of the gauge transformation. 
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It remains to work out the difference of the Hamiltonians that are submitted to the 
canonical transformation generated by d20T ). Hence, according to the general rule from 
Eq. CCD), we must calculate the divergence of the explicitly x^-dependent terms of F% 

dF? = - a / du KJ &pk\ (- du KJ 
dx a expl K V dx° 9j dx<* J V K dx a dx a 

+ (pf K + ig M LJ Q? Tp K - ig tpj ~^M LK ) 

duxN _ dujj 1 duxi duu 1 d 2 uxi _ 

Q X P a NIaUlJ UKNdNIa Q x aQ x f3 UlJ 



+ (^M LJ Q L —-—Q L M LK J \ig u KN <x NIa uu + — u u 
+ Ql M lk -zjrMubja + + b Ka M IK1 — + ——. M LJ Q L P . (26) 



q x P dx a dxP ) \ dx@ dx a dxP 

We are now going to replace all ujj- and ^-dependencies in (|26l ) by canonical variables 
making use of the canonical transformation rules. To this end, the terms of Eq. (1261 ) are split 
into three blocks. The II-dependent terms of can be converted this way by means of the 
transformation rules (Q~4) and (Q~8} 

duju dip K \ f - du K j dip/ 
dx a <p3 dx a ) \ <Pk dx a dx c 



= ig ( lf K $ j - ^> K W}) A KJa + Tf K M KJ B Ja + B Ka Mj K Wj 

- ig ( 7f£-0j - 4> K Ti*) a KJa - ( Tf a K M KJ b Ja + b Ka M JK irj) . (27) 

The second derivative terms in Eq. (|26T ) are symmetric in the indices a and (3. If we split Pj^ 
and Q a f into a symmetric Pjk, Q^j^ and a skew-symmetric parts Pj# ,Pj in a and /3 

pa/3 _ p (a/3) , p [a/3] p [a/3] _ l / p a/3 _ p( 3a\ p (a/3) _ 1 / p a/3 p /3a 

Ok ~~ r jk ' Ok ' Ok ~~ 2 I Ok Ok j ' Ok ~~ 2 I % Ok 



Qf = qff > + Q [ f ] , Q [ f ] = j (Qf - g? a ) , = | (gf + 

then the second derivative terms in Eq. (|26T ) vanish for Pj*k an ^ Qj^' 

By inserting the transformation rules for the gauge fields from Eqs. (fT8l) , the remaining terms 
of (|26|) for the skew-symmetric part of Pj^- are converted into 

Pjk + ^ m lj<5l Vx-'S Ql J 

/ du KN _ duu 1 duu 

\ ox 13 oxp ig ox a oxp 

+ ( M L jQ L -q^-q^Ql M lk \ igA KJa 
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+ Q [ f ] MLK^M u b Ja + h a M u ^M LK Q^ 

= ~\ l 9 PjK (.AxiaAup — AxipAija) 

+ \ig {BjpM K jA KJa M IL -Bj a M KJ A KIf} M IL } Qf 
- iigQf (M LI A IKa M KJ Bjp - M LI A IK pM KJ B Ja 

i 1 • a/3 ( \ 
+ 2 l 9PjK \ a KIaO'Ijp — CLKipaiJa) 



- \ig ^ bjpM KJ a KIa M IL - b Ja M KJ a KIl3 M LI J qf 
+ \ig qf (M LI a IKa M KJ bjp - M LI a IK pM KJ b Jc ^ . (28) 
For the symmetric parts of Pj% and Q°f \ we obtain 

f du KN ^ u +u a dElJ | 1 duKI dElJ | 1 ^ u ki - \ 
\ dx@ a a dx 13 ig dx a dx 13 ig dx a dx 13 J 

+ \ M LJ Q L ~dx^ QL Mlk ) 19 AKJa 

+ Ql M LK ^— MlJ b Ja + j + ^ b Ja M u -^ + j M LK Q L 

-- [ P JK + 15 M LJ Q L ><p K -ig <fj Ql M lk ) [-^- ~ ukl-^-ujj J 

j_ iCr f duKI \x h d2 ^ K ■ a d( ?J 
+ Ql M ™ -Q^M u b Ja + - ig A KJa — 



Oujk d ip K dip 



i r>a/3 I dAjcjg dA K jp \ v7) a P ( &B Ka dBjcp \ i f dB Ka dB K p \ n at 
dx? dx a 2 ^ K V dx? dx a ) 2 V dx? dx a 



i a/3 I da K ja da K j/3 \ _ i_ap ( db Ka dfocp \ if db Ka db KI3 \ a/3 
* PjK \ dx? + dx* J ~ 2<lK V dx? + dx- 5 V dx? + dx* I Qk ■ 1 y) 



In summary, by inserting the transformation rules into Eq. (1261) . the divergence of the 
explicitly x^-dependent terms of F% — and hence the difference of transformed and original 
Hamiltonians — can be expressed completely in terms of the canonical variables as 



dx a 



= ig (n^$j - $ K n a j) A KJa + T K M KJ B Ja + B Ka M JK U a j 

expl 

- ig (iffccpj - 4> K tf) a KJa - (TT%M KJ b Ja + b Ka M JK TTj) 

~ \^g Pjk {AkiocAup — A KI pAij a ) + ^igpjx (a KIa ajj/3 — a KI/3 aij a ) 



+ \ig {BjpM KJ A KIa M IL - B Ja M KJ A KII3 M LI J Qf 

- \ig~Qf (M LI A IKa M KJ Bjp - M LI A IK pM KJ B Jc ^ 

- \ig (j>jpM KJ a KIa M IL - bj a M KJ a KI pM L ij qf 
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+ \ig qf ( M LI a IKa M KJ bjp - M LI a IK pM KJ b. 



Jot 



dB Ka 


dB K /3 




dx a 


db Ka ^ 

dxf 3 


db Kl3 \ 


dx a J 



i ap ( daxja daKjp\ _ i_ a p f dbx a dbxp} i ( dbx a dbxp\ a/3 

We observe that all M/j-dependencies of Eq. (|26l) were expressed symmetrically in terms of 
both the original and the transformed complex base fields 0j, $j and 4-vector gauge fields 
ajK,-A JK ,bj,Bj, in conjunction with their respective canonical momenta. Consequently, an 
amended Hamiltonian I-L2 of the form 

H 2 = "H(tt, 0, x) + ig ( vf^0j - k tcj) a KJa + W^M K jb Ja + b Ka M JK TTj 

1- aB , \ . 1 a/3 ( 9a K Ja da K J/3 

~ 2 1 3Pjk \ a Ki a aup ~ a KI p a IJa ) + ^p JK I — p + — 

+ \xg (bjpM KJ a KIa - b Ja M KJ a KI p) M LI qf 
- \\gqfM LI (a IKa M KJ b JI3 - a IK(3 M KJ b Ja ) 

i-q/3 / 9b Ka 9bxp \ x ( db Ka db K/3 
+ \~dxT + + i \drf + ~dx^ ' lK ' ' 

is then transformed according to the general rule (QT) 



a/3 



f)F a 

nil nj 1 Ur 2 

tin — tti ~r 



expl 



dx c 

into the new Hamiltonian 

W 2 = U(n, x)+ig( TT K $ / - $ K n a j) A KJa + TF K M K jB Ja + B Ka M JK U a j 

1 \nP a P(A A A A \ I 1 p a P ( dA KJa dA KJI3 \ 

~ 2 X 9 ^JK [ A KIa Aup - A Klp A IJa ) + ^r jR I —Q^f- + I 



+ \ig{Bj P M KJ A KIa - B Ja M KJ A KIf3 ) M LI Q 



a/3 
L 



HgQfMu (A IKa M KJ B,jp - A IKp M K jB Ja ) 
XT pP ( dB Ka dB Kf3 \ x f dB Ka dBjcA p 

The entire transformation is thus form-conserving provided that the original Hamiltonian 
%(7r,<f),x) is also form-invariant if expressed in terms of the new fields, 71(11, <fr,x) = 
T-L(n, <f>, x), according to the transformation rules (fT4V In other words, T-L(tz, <f>, x) must be 
form-invariant under the corresponding global gauge transformation. 

As a common feature of all gauge transformation theories, we must ensure that the 
transformation rules for the gauge fields and their conjugates are consistent with the field 
equations for the gauge fields that follow from final form-invariant amended Hamiltonians, 

= H2 + Hdyn and W,' 3 = W, 2 + H' dyIl . In other words, Kd y n and the form-alike H' dyn 
must be chosen in a way that the transformation properties of the canonical equations for 
the gauge fields emerging from "H 3 and T-L' 3 are compatible with the canonical transformation 
rules (TT8T ). These requirements uniquely determine the form of both "Hdyn and "H^yn- Thus, the 
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Hamiltonians (1301) and (|3TT) must be further amended by terms "Hdyn and "H dy n that describe 
the dynamics of the free 4-vector gauge fields, a^-j, bj and A KJ , Bj, respectively. Of course, 
"Hdyn must be form-invariant as well if expressed in the transformed dynamical variables in 
order to ensure the overall form-invariance of the final Hamiltonian. An expression that fulfils 
this requirement is obtained from Eqs. (|2H and (l22l 

■ (pjiap + ig M KJ q Ka p 7 - ig <f>j q Ka pM K i\ . (32) 
The condition for the first term to be form-invariant is 

tf qja(3 = Ql M lk UKI Mjj M N j U NR M sr Qsa/3 



=<5 /JV (detM) 2 



(det MfQ a L p M LK M JK Q 



Ja/3 



=S LJ (detM)- 2 



Q/ Qja/3 



The mass matrix M must thus be orthogonal 

MM T = 1 (det Mf. (33) 

From H3 and, correspondingly, from T-L' z , we will work out the condition for the canonical 
field equations to be consistent with the canonical transformation rules (fTSl) for the gauge 
fields and their conjugates (l2T|) . 

With "Hdyn from Eq. (|32l) . the total amended Hamiltonian "H 3 is now given by 

%3 = %2 + Hdyn = H + 'Hg (34) 

Hg = l 9 { w k4>j ~ ^k^j) a Kj a ~ \igP°Kj {ajia a IK p - ajip a IKa ) 

, 1 a p ( dajKa dajK/3 \ i_a/3 / db Ja dbjp \ 1 1 dbj a dbjp \ aj3 
* Pkj V dx? dx<* ) 5<?J V dxP dx<* ) H dx? dx a J qj 
+ T\ a K M KJ b Jci + b Ka M JK ix a j + \\g (b JI3 M K ja KIa - b Ja M KJ a KJ p) M LI q a L p 
- \\gqfM LI (a IKa M KJ bjp - a IKI3 M KJ b Ja ) - \qf q Jaf3 



- I (pfj + ig M LI qf <Pj - ig fa gf M LJ ) 

Pjia/3 + ig M KJ q Ka p fa - ig <pjq Ka pM KI 



We reiterate that the system Hamiltonian % must be invariant under the corresponding global 
gauge transformation, hence a transformation of the form of Eq. (fl~4"l) with the uik not 
depending on x. 

In the Hamiltonian description, the partial derivatives of the fields in (1341) do not 
constitute canonical variables and must hence be regarded as x M -dependent coefficients when 
setting up the canonical field equations. The relation of the canonical momenta p^ M to 
the derivatives of the fields, daMN^/ dx u , is generally provided by the first canonical field 
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equation ©. This means for the particular Hamiltonian (|34l) 

da MNll dT-L„ 



dx» dp% M 

1- / x . i / daMNfi ddMNv 

-&9 \ a Min a INv - a MIv a IN ^) + f 1 ^ + ^ 



hence 



ddKJv ddKJii 



dx^ dx u 

+ ig (a K iu au^ - a K in a IJu - M IK q Iflu <\>j + <\> K qj^Mu^j . (35) 
Rewriting Eq. (|35l) in the form 



Vkj^v + igM IK q Iflu (f)j - \g§ K q Iilv Mu = 7^7- + ig (a KIu a IJfl - a KIll a IJu ) 

fKJ/iu-1 

we realise that the left-hand side transforms homogeneously according to Eq. (l22l) . From 
Eq. (1251) . we already know that the same rule applies for the f^ u . The canonical equation (1351) 
is thus generally consistent with the canonical transformation rules. 

The corresponding reasoning applies for the canonical momenta qj^ u and q Jfll , 



db dl-L 

~g~!r = ^-m^ = ~2 c Lnhv — 2~ig M NI (a IK/1 M K j bj u — ajKuM KJ bj^j 



+ I + + Mni {p ij ^ + l 9 M KI q Kflu (pj - ig 0/ q Kflu M KJ 

db &H, — — 

q x ^ — -Q^it — + \^g (bjuM KJ dKifj, — bj^M KJ a KIu ) M NI 



hence with the canonical equation (|35l) 

qj^u = ^7 - ^7 + ig Mji (a IKu M KL b Lil - a IKll M KL b Lv ) 

i • iCyf ( daiKv da IK ^ \ 
+ ig Mjj I —^-p Q-^f + ig (a ILu a LKfl - a ILfl a LKv ) I <Pk 

= ~g^T ~ ~q^7 ~ ig ( ^l^M kl a K iu - b Lv M KL a KIp ) M JT 

. -r ( da K Iv ddKIn . , \\ iCf 

~ 19 K \ ~dx^ dx^ 19 aLlil ~ aKLfl a ) 

In order to check whether these canonical equations — which are complex conjugate to each 

other - are also compatible with the canonical transformation rules, we rewrite the first one 

concisely in matrix notation for the transformed fields 

dMB u 8MB. IA „,„ , „ r _ . 
MQ,u = - + ig {A V MB, - A,MB V ) 
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+ ig {A V A^ 



A^A U/ 



dx^ dx v 

Applying now the transformation rules for the gauge fields A v , from Eqs. (IT9T ), and for the 
base fields <fr from Eqs. (fl2) . we find 

~dMb v 8Mb, 



MQ 



u 



+ ig 

UMq^ 



dx v 
da,, da, 



+ ig (a u Mb ll -a fl Mb u ) 
+ ig {a u a^ - a^a v ) I <f> 



dx^ dx L 



The canonical equations (|36l) are thus compatible with the canonical transformation rules (J25 
provided that 



M 1 



M 



(det M) 2 ' 

Thus, the mass matrix M must be orthogonal. This restriction was already encountered with 
Eq.dH. 

We observe that both Pkj^u and qj^, Qj^ occur to be skew- symmetric in the indices 
fx, v. Here, this feature emerges from the canonical formalism and does not have to be 
postulated. Consequently, all products with the momenta in the Hamiltonian d34l) that are 
symmetric in /x, v must vanish. As these terms only contribute to the first canonical equations, 
we may omit them from "H g if we simultaneously define Pjk^u and qj^ v to be skew- symmetric 
in /i, v. With regard to the ensuing canonical equations, the gauge Hamiltonian V, g from 
Eq. (|34|) is then equivalent to 



-J 



10 ^K^J ~ PK^J ClKJ/B 



a/3 

igpjj a IKa a KJ p 



1 -op 

2° J qjap 



+ [ 7r£ - ig ql P M LI aiKa ) M KJ bjp + b K pM JK [ ti P j + ig a JIa M LI q1 



- \ [pfj + ig M LI qf fa - ig fa qfM LJ 
■ (pjia/3 + ig M KJ q Ka p fa - ig <j>j q Kaf5 M KI 



111/ ■ VII IIV ■ 1/U 

PjK = -PjK> Qj = 



(37) 



Setting the mass matrix M to zero, "H g reduces to the gauge Hamiltonian of the homogeneous 
U(iV) gauge theory (Struckmeier and Reichau 2012). The other terms describe the dynamics 
of the 4-vector gauge fields bj. From the locally gauge-invariant Hamiltonian (|34k the 
canonical equations for the base fields <pi, (j) I are given by 



dfa 




dU 3 


dU 


dx^ 


H 3 


dw» 


dw>l 


dfa 




dH 3 


dU 


dx^ 


H 3 







ig <Pjajiv + b Jlt Mu- 



(38) 



These equations represent the generalised "minimum coupling rules" for our particular case 
of a system of two sets of gauge fields, a,jx and b j. 
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The canonical field equation from the bj, bj dependencies of H g follow as 



dq K dH g 



M JK [rf + ig a JIa M LI qT 



dx<* db K , 
dx a dbj^ 



(-n K + igq a L ^M LI a IKc }j M KJ . 



Inserting Tij,Tij as obtained from Eqs. (1381 ) for a particular system Hamiltonian H, terms 
proportional to bf and b 1 emerge with no other dynamical variables involved. Such terms 
describe the masses of particles that are associated with the gauge fields bj. 

4.3. Gauge-invariant Lagrangian 

As the system Hamiltonian H does not depend on the gauge fields clkj and bj, the gauge 
Lagrangian C g that is equivalent to the gauge Hamiltonian T-L g from Eq. (|34l) is derived by 
means of the Legendre transformation 

r _ a/3 90KJa _q/3 9b j a Obj a a/3 _ nj 

^b-Pjk dxP +Qj dxP + g^Qj «g> 



with pj U K from Eq. (I35T ) and qf , qj U from Eqs. (|36l) . We thus have 

a/3 do>KJa _ 1 a/3 f dctRJa _ d&KJB \ \ a/3 ( dctRJa daj£j£\ 

pjk dxfi - iPjk y dxP dxa j + iPjk y dxP + dxa j 

i«/3 . i a p f da KJa da KJI 3 

~ -2PjKPKJaf3 + 2PJK I -q^~ + -q^T 



- (aKia au/3 - a K iB a IJa - M IK q II3a (fij + <\> K q I/3a Mijj 

and, similarly 

— afidbja 1 — a/3 1- —aBiTr / ■* r 7 t\ 4- i \ 

qj dx? = _ 2 q J qja(} ~ 2 l 9<lj Mji {aiKaM KL b Lp - a IK)3 M KL b La ) 



+ \\g qj^Mji [piLa/3 + ig M KI q Ka p <p L - ig 0/ q Ka/3 M KL ) L 



i a/3 fdb Ja Objp 
+ 2 q J X„B "T" 



dx@ dx a 

=-\o.T iJaB + \ig ( b Lp M KL a KIa - b La M KL a Kip ) Mjjq'f 
~ (piLa/3 + igM KI q Ka p~4> L - \g <j>iq Ka pM K Lj M JL q a / 



dbj a i dbjp \ a/3 



1 wja wjp a 

2 \dxP dx" ' qj 



With the gauge Hamiltonian H g from Eq. (|34l ), the gauge Lagrangian C g is then 

As = -^Qj^Qjap - t^k (ig a K j a <frj + M KJ b Ja ) + {ig~$ K a KJa - b Ka M JK ) 
- \ (pfj + ig M LI qf h ~ ig h qfM LJ ) 
• [PJiad + ig M KJ q Kal3 (f)j - ig <pj q Ka RM KI 
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According to Eq. (1231 and the relation for the canonical momenta pjj a p from Eq. (1331 ), the 
last product can be rewritten as —\fjj fjia/3, thus 

As = ~\fij fjiafi - \ Jffqjap-TTK (*0 a K j a (pj + M KJ b Ja ) + (ig^ K a KJa - b Ka M JK ) ttj. 

With regard to canonical variables W K , tzr, £ g is still a Hamiltonian. The final total gauge- 
invariant Lagrangian £ 3 for the given system Hamiltonian % then emerges from the Legendre 
transformation 

£ 3 = £ g + 7Cj— + —71 j - Hifa, fa, 717, 7T 7 , x) 

= 7fj - ig a JKa (j) K - M JK b K <^j + {jj^ + ' l 9~4>K a Kj a ~ b Ka M JK ^ n 1 } 

~ I ffj fjIa/S - \ Tf<lJuP - U (4>I , 0/ , 7f l , 717 , x) . (39) 

As implied by the Lagrangian formalism, the dynamical variables are given by both the 

fields, (pi, 4>j, o,kj, bj, and bj, and their respective partial derivatives with respect to the 

independent variables, x M . Therefore, the momenta q,j and q~j of the Hamiltonian description 

are no longer dynamical variables in £ g but merely abbreviations for combinations of the 

Lagrangian dynamical variables, which are here given by Eqs. (|36l) . The correlation of the 

momenta 717, Ifj of the base fields (pj, <p I to their derivatives are derived from the system 

Hamiltonian "H via 

d<pi &H . 1 „, , 
g^= g=ij + 1 9 au^J + Mijbjp 

dd> &H — — 

— = — - ^9 <Pj a JItl + bj^Mu, (40) 



dx^ dnj 

which represents the "minimal coupling rule" for our particular system. Thus, for any globally 
gauge-invariant Hamiltonian H(4>i,7ti,x), the amended Lagrangian (1391 with Eqs. (l40l 
describes in the Lagrangian formalism the associated physical system that is invariant under 
local gauge transformations. 

4.4. Klein-Gordon system Hamiltonian 

As an example, we consider the generalised Klein-Gordon Hamiltonian (Struckmeier and 
Reichau 2012) that describes an iV-tuple of massless spin-0 fields 



UkG = 7Tj 7T/ a . 



This Hamiltonian is clearly invariant under the inhomogeneous global gauge transforma- 
tion (fl4l) . The reason for defining a massless system Hamiltonian % is that a mass term of the 
form (pjMjiMjKfpK that is contained in the general Klein-Gordon Hamiltonian is not invari- 
ant under the inhomogeneous gauge transformation from Eq. (Il4l . According to Eqs. (l39l 
and (|40l) . the corresponding locally gauge-invariant Lagrangian /^kg is then 



p — ot 1 £&f3 r 1 — ol/3 

*-3,KG — 71"/ TT/q - JJjk JKJa/3 ~ <lJaP, 



(41) 
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with 



_ da KJu daxjfj, . , , 
Jkj^u - -q-^- + ig [axiu aun ~ ciKifi o-ijv) 

qjtiv = - ^7 + ig Mji (a IKu M KL b Lfl - a IKfl M KL b Lv + f JKliV 4>k) 



Qj^ = ^7 _ ~ l 9 ( hn M K l a KIv - b Lu M KL a KIfl + <p K fxi/J) M u 



Kin = 7^77 ~ ig aun<t>J ~ M u b Jfl 

— 9<pj . — T ., 

nin = 7^77 + ig 4>j aji^ - bj^ M u . 

In matrix notation, the gauge-invariant Lagrangian (flTb thus writes 

A,kg =(§■ + - TmA - iga a cf> - Mb c 



- Tr {\f aP f a p) - \q aP Q 



a/3 



with 



da u <9a„ 
=-^--^ + ig{a v a, L -a^a u ) 

~ ) + is \ a " Mb " ~ a " Mb " + 

The terms in parentheses in the first line of £3,kg can be regarded as the "minimum coupling 
rule" for the actual system. Under the inhomogeneous transformation prescription of the 
base fields from Eqs. (fT21 and the transformation rules of the gauge fields from Eqs. (fT9l) . 
the Lagrangian Z^kg is form-invariant. Moreover, the Lagrangian contains a term that is 
proportional to the square of the 4-vector gauge fields bj 

b°M T Mb a , 

which represents a Proca mass term for an iV-tuple of possibly charged bosons. Setting up the 
Euler-Lagrange equation for the gauge fields 6^, we get 



^ - igM T a a (M T yV a + M T (J^ - iga^ - M T M¥ = 0. 



We observe that this equation describes an iV-tuple massive bosonic fields in conjunction 
with their interactions with the massless gauge fields a/j M and the base fields, 0/. 

For the case N — 1, hence for a single base field (p, the following twofold amended 
Klein-Gordon Lagrangian C 3j kg 

£ 3 ,kg = (^jr + ig^a" - mbj - ig a a <p - mb a j - \ f afi f aj3 - \q al3 q a p 
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is form-invariant under the combined local gauge transformation 

1 dJ\. 

0^$ =0e iA + v?, a lt ^A li = a lt + --^ jI 
r iA [ 9 ( \dk\ 1 dif 



m \ g <9x^ / m dx^ 
The field tensors then simplify to 



da v 




dx^ 


dx v 


db v 


db. 


dx» 


dx v 


db u 


db, 


dx^ 


dx v 



db v <% . ig f da u daA 



ig — f da u <9a M 



' m \dx^ dx v 

With m 2 b a b a , this locally gauge-invariant Lagrangian contains a mass term for the complex 
bosonic 4- vector gauge field b^. The subsequent equation massive gauge field b^ is thus 

' }<l " a - ig a a q» a + m ( ^- - ig J - mV = 0. 



dx a " 1 V^/i / 

From the transformation rule for the fields, the rule for the momenta follows as 

It is then easy to verify that the field equation is indeed form-invariant under the above 
combined local transformation of the fields 0, a M , 6 M . 



5. Conclusions 



With the present paper, we have worked out a complete non-Abelian theory of inhomogeneous 
local gauge transformations. The theory was worked out as a canonical transformation in the 
realm of covariant Hamiltonian field theory. A particularly useful device was the definition of 
a gauge field matrix a/j, with each matrix element representing a 4-vector gauge field. This 
way, the mutual interactions of base fields 0/ and both sets of gauge fields, a L j and b j, attain 
a straightforward algebraic representation as ordinary matrix products. 

Not a single assumption or postulate needed to be incorporated in the course of the 
derivation. Moreover, no premise with respect to a particular "potential energy" function 
was required nor any draft on a "symmetry breaking" mechanism. The only restriction 
needed to render the theory consistent was to require the mass matrix to be orthogonal. 
Under inhomogeneous linear transformations of the base fields, the demand of local gauge 
invariance of the system's Hamiltonian actually requires the existence of massive gauge fields. 
Specifically, the formalism enforces to introduce both a set of massless gauge fields and a set 
of massive gauge fields. 

The various mutual interactions of base and gauge fields that are described by the 
corresponding gauge-invariant Lagrangian £ 3 give rise to a variety of processes that can be 
used to test whether this beautiful formalism is actually reflected by nature. 



Inhomogeneous local gauge transformations 



23 



Acknowledgment 

The author is deeply indebted to Professor Dr Dr he. mult. Walter Greiner from the Frankfurt 
Institute of Advanced Studies (FIAS) for his long-standing hospitality, his critical comments 
and encouragement. 

References 

Cheng T-P and Li L-F 2000 Gauge theory of elementary particle physics (Oxford: Clarendon) 
DeDonder Th 1930 Theorie Invariantive Du Calcul des Variations (Paris: Gaulthier-Villars & Cie) 
Griffiths D 2008 Introduction to Elementary Particles (Weinheim: Wiley- VCH) 
Higgs P W 1964 Phys. Letters 12 132 

Jose J V and Saletan E J 1998 Classical Dynamics (Cambridge: Cambridge University Press) 
Kibble T W B 1967 Phys. Rev. 155 1554 

Ryder L 1996 Quantum Field Theory, 2nd ed (Cambridge: Cambridge University Press) 

Struckmeier J 2009 Extended Hamilton-Lagrange formalism and its application to Feynman's path integral for 
relativistic quantum physics Int. J. Mod. Phys. E 18 79, http://arxiv.org/abs/0811.0496 [quant-ph] 

Struckmeier J and Reichau H 2012 General U(N) gauge transformations in the realm of covariant Hamil- 
tonian field theory Proc. Symp. on Exciting Physics: Quarks and Gluons/Atomic Nuclei/Biological 
Systems/Networks (Makutsi Safari Farm, South Africa) Interdisciplinary Lectures, Frankfurt Institute for 
Advanced Studies (FIAS) (to be published by Heidelberg: Springer), http://arxiv.org/abs/1205.5754 [hep-th] 

Struckmeier J 2013 Generalised U(iV) gauge transformations in the realm of the extended covariant Hamilton 
formalism of field theory Extended Hamilton-Lagrange formalism J. Phys. G: Nucl. Part. Phys. 40 015007, 
|http://arxiv.org/abs/1206.4452| [nucl-th] 

Weyl H 1919 Eine neue Erweiterung der Relativitatstheorie Annalen der Physik IV Folge 59 101 

Weyl H 1935 Geodesic Fields in the Calculus of Variation for Multiple Integrals Annals of Mathematics 36 607 



